the impact of myopic versus dynamic decision-making when returns are predictable. Campbell and Viceira (1996) obtain a closed-form solution to the consumer's multiperiod problem in the presence of predictability b y using log-linear approximations Kim and Omberg (1996) solve an analogous continuous-time problem but without intermediate consumption. Brandt (1999) estimates an investor's stock allocation using the investor's Euler equations and U.S. stock return data. None of these papers simultaneously consider the impact of return predictability and rebalancing costs on portfolio choice. The only paper to do so is Balduzzi and Lynch (1999) whose focus is on the utility c o s t s associated with ignoring predictability and behaving myopically. In contrast, the current paper focuses on how predictability and heteroskedasticity alter rebalancing rules and behavior in the presence of rebalancing and liquidation costs.
We solve t h e i n vestor's problem numerically given a risky asset and a riskless asset. Using Tauchen and Hussey's (1991) quadrature approximation, the risky-asset return is calibrated to the value-weighted index of NYSE stocks in such a w ay as to capture the predictive ability of aggregate dividend yield. Other forms of predictability are also calibrated. Rebalancing frequencies, average costs incurred, and average holdings are obtained by simulating asset return time-series and using the investor's portfolio rebalancing rules. The main results can besummarized as follows.
With the introduction of transaction costs, return predictability calibrated to U.S. returns continues to have large e ects on optimal rebalancing behavior relative to that for i.i.d. returns with the same unconditional distribution. In particular, by increasing the bene ts from rebalancing, return predictability causes rebalancing frequency to increase, and cost incurred to increase by an order of magnitude, at all points in the investor's life. These results complement Balduzzi and Lynch (1999) who nd that the utility cost of ignoring predictability remains substantial (typically around 20 percent of wealth) in the presence of realistic rebalancing costs.
Consistent with results for the no-cost case (see e.g., Barberis (1999) ), the average allocation to the risky-asset early in life is also higher with predictability. Further, no-trade regions early in life are wider when returns are predictable than when they are i.i.d., which can be explained as follows. Ignoring transaction costs, a less volatile risky-asset return means a smaller utility loss from keeping a given inherited risky-asset allocation rather than trading. For this reason, lower risky-asset volatility leads to wider no-trade regions (see Constantinides (1986) , and Gennotte and Jung (1994) who discuss this point in the context of the volatility of i.i.d. returns). Since unconditional volatility i s u n c hanged, predictability reduces conditional volatility. It is this reduction in conditional volatility that causes no-trade regions to widen relative to the i.i.d. case. Finally, predictability also causes the no-trade region to move around, which explains why the rebalancing frequency increases despite the wider no-trade region.
The presence of realistic rebalancing costs can considerably a ect rebalancing rules and behavior over the lifecycle. First, realistic xed rebalancing costs cause rebalancing frequency to decline considerably. 3 Second, no-trade regions widen dramatically close to the terminal date. 4 On the other hand, realistic proportional and xed costs have little e ect on the average risky-asset holding and, in particular, the no-trade midpoint unless liquidation costs di er across the two assets. When the investor faces a liquidation cost on only the risky asset, no-trade regions are lowered, but the lowering is only material late in life when consumption is a large fraction of wealth. In fact, as the terminal date approaches, the upper boundary of the no-trade region converges to the risky-asset holding in the absence of transaction costs.
The nature of the return predictability can have large e ects on rebalancing behavior. Holding unconditional return moments xed, we focus on two return parameters, each with a clear impact on portfolio choice: the magnitude of the single-period predictability and the persistence of the predictive variable. Increasing the magnitude of the single-period predictability causes no-trade regions to widen. Decreasing the persistence of the predictive variable causes no-trade width, as a function of the predictive variable, to become more u-shaped i.e., the no-trade region is wider for extreme values of the predictive variable. Finally, return heteroskedasticity can also have big e ects on rebalancing behavior. Allowing conditional volatility to be a steeper positive function of expected return causes no-trade width and midpoint t o belesspositive (or more negative) functions of expected return.
Thus, realistic transaction costs and return predictability can have a signi cant impact on rebalancing behavior. The implication is that their simultaneous presence is likely to a ect the joint distribution of consumption and equity returns. Thus, calibration studies using transaction costs to explain the equity premium (for example, Heaton and Lucas (1996) ) may b e sensitive to the introduction of predictability in returns.
Our paper also has implications for existing studies (He and Modest (1995) , and Luttmer (1996a)) documenting how proportional transaction costs weaken Hansen-Jagannathan (1991) boundson intertemporal marginal rates of substitution. Since these bounds become weaker relative to the frictionless bound as the data frequency becomes higher, they are likely to be uninformative for data frequencies that are too much higher than the rebalancing frequency of individuals. Thus, our results on rebalancing frequencies can shed some light on the informativeness of the bounds reported in these papers. For example, with predictability and a proportional cost of 0.5 percent, our 20-year investor rebalances every 3.7 months, which is only slightly less frequently than every quarter. This rebalancing frequency suggests that the boundreported by Luttmer for quarterly data and a proportional cost of 0.5 percent is likely to be informative. Samuelson (1969) was the rst to show that a CRRA investor, facing a constant i n vestmentopportunity set and zero transaction costs, makes the same portfolio choice irrespective of age. Interestingly, our results for the case of unpredictable returns indicate that Samuelson's irrelevance result is robust to the introduction of transaction costs except when death is certain and imminent. In this sense, Samuelson's (1969) original intuition extends to the case of transaction costs.
A n umberofrecent papers emphasize the importance of non-nancial wealth particularly early in life (see, for example, Bodie, Merton, and Samuelson (1992) , Koo (1995) , Jagannathan and Kocherlakota (1996) , and Heaton and Lucas (1997) ). Because of the potentially large impact of non-nancial wealth, care must be taken when applying our results to a young investor. For example, if most of an investor's wealth is non-nancial, then a xed cost proportional to the investor's nancial wealth understates the cost of the investor's time. However, our results are directly applicable to an investor who has reached retirement age: our standard investor's death probabilities are calibrated so that the investor is 65 years and one month old in the rst period.
The paper is organized as follows. Section I describes the investor's optimization problem, our solution technique, and the simulation details. Section II describes how the discrete return processes are calibrated. Section III presents the results while Section IV concludes.
I. Optimal Portfolio Allocation with Transaction Costs

A. Constraints and Preferences
We consider situations where two assets are available for investment: a risky asset and a riskless asset. The risky-asset return from time t to t + 1 , R t+1 , is either i.i.d. for all t, or predictable using an instrument, D t , available at t. The risk-free rate R f is assumed to be constant. Also, the investor faces transaction costs which are proportional to wealth.
We consider the optimal portfolio problem of a CRRA investor with a nite life of T periods, a relative-risk-aversion parameter of , and a rate of time preference equal to . The investor's probability of dying at time t conditional on survival until t ; 1 is denoted by p t which may be non-zero. Expected lifetime utility i s g i v en by:
where c t is consumption at time t, Z t is the vector of state variables for the investor at time t and = (1 ;p t ). When transaction costs are non-zero, the inherited portfolio allocation t is an element o f Z t , since its value determines the transaction costs to be paid at time t. When returns are predictable, the predictive v ariable at time t, D t , is also an element o f Z t .
Letting t bethe fraction of wealth consumed at t and f t bethe transactions cost paid at t perdollar of portfolio value (which might bezero if no trading occurs at t), the law of motion of the investor's wealth, W , is given by:
where R W t+1 = ( 1 ;f t ) h t (R t+1 ; R f ) + R f i and, t is the share of portfolio value allocated to the risky asset at t. So R W t+1 is the rate of return on the portfolio from t to t + 1 , n e t o f transaction costs. Dollar transaction costs at t are W t (1 ; t )f t , and are paid by costlessly liquidating the risky and the riskless assets in the proportions t and (1 ; t ).
In general, we model the cost of transacting, f, as a function of the di erence between the chosen and inherited risky-asset allocations: f t = P j t ;^ t j + F I t;^ t6 =0 P F 0 (3) where I t ;^ t6 =0 is an indicator function which equals one if t ;^ t 6 = 0, and equals zero otherwise. The rst term is proportional to the change in the risky-asset holding while the second term re ects the xed cost of rebalancing one's portfolio, regardless of the size of the rebalancing. This xed cost increases with the investor's wealth, since it is likely to depend on the opportunity cost of the investor's time. The inherited allocation satis es: (4)
The law of motion for wealth in equation (2) implicitly assumes that consumption at time t is obtained by costlessly liquidating the risky and the riskless asset in the proportions^ t and (1 ;^ t ). However, rebalancing rules may be sensitive t o a n y cost di erential associated with using the risky rather than the riskless asset for consumption (see, for example, Heaton and Lucas (1997) ). Consequently, with the xed cost parameter set to zero ( F = 0), we introduce a proportional cost of L to liquidate the risky asset for consumption. Letting f L t bethe liquidation cost incurred at t as a fraction of W t , the law of motion for wealth becomes:
where f L t = L t L and L t 0 is the component of consumption at t obtained by liquidating the risky asset. The liquidation cost is assumed to bepaid from the risky asset, so L t ^ t =(1 + L ). The pre-rebalancing portfolio risky-asset weight a t t now depends on the consumption decision at t. After consumption, the risky-asset holding is^ t ; L t ; f L t and the portfolio value is 1; t ;f L t , each expressed as a fraction of W t . Since the pre-rebalancing risky-asset weight i s the ratio of these two, the rebalancing cost f t becomes:
We set L equal to P =(1 ; P ) so that the cost of liquidating the entire risky-asset holding equals the cost of rebalancing the risky-asset holding to zero. In this sense, our L choice equates the cost of liquidating the risky asset with the cost of rebalancing.
B. Optimization Problem and Solution Technique
We now consider the investor's optimization problem. where f L t 0 in the absence of a risky-asset liquidation cost. Since equation (7) only de nes a(Z T t ) recursively, we must specify its value at the terminal date: a(Z T T ) i s 1 in the absence of a liquidation cost, and (1 ; P^ T ) 1; when L is equal to P =(1 ; P ). In all the optimizations, the holdings of both the risky and the riskless asset are constrained to bepositive (the short-sale restriction) which implies that the inherited portfolio allocation also lies between zero and one, 0 ^ 1. Constraining to lie between 0 and 1 is realistic, since individual investors typically face high costs in taking short positions.
The optimization problem is homogeneous of degree (1 ; ) i n w ealth which implies that the solution is invariant t o wealth. 
The Bellman equation (8) is solved by backward iteration, starting with t = T ; 1. Thus, a(Z t t ) is obtained by solving the optimization problem in equation (8) using a(Z t+1 t + 1 ) from the previous iteration. At e a c h time t, the state variable^ t is discretized and the Bellman equation is solved at each^ t grid point. The following grid of points on the interval 0 1] is used to discretize^ t for all t:^ = 0 0:02 0:04 ::: 0:96 0:98 1. In solving the optimization problem in equation (8), the (t + 1 ) value function for each D t+1 is linearly interpolated between^ t+1 points. Further details are available on request. The numerical technique yields an approximate solution that converges to the actual solution as the^ grid becomes ner. 5
C. Unconditional versus Conditional Portfolio Choices
Facing a given return generating process, the investor can make unconditional (U) or conditional (C) portfolio choices. When making unconditional choices, the investor uses the steady state distribution and ignores any predictability of returns. In other words, the investor assumes returns are i.i.d. when making unconditional choices. In contrast, the investor exploits return predictability when making conditional choices. Thus, we can evaluate the impact of return predictability on portfolio choice when an investor faces proportional or xed transaction costs.
D. Simulation Details
To calculate average portfolio holdings, average transaction costs incurred, and rebalancing frequencies, we simulate return histories with the discretized distribution and apply the individual's portfolio rebalancing rule at each t i m e t t = 1 : : : T . This procedure is repeated 100000 times and average portfolio holdings, rebalancing costs incurred, and rebalancing frequencies at each time t are obtained by averaging over the 100000 replications. For unconditional portfolio choices, simulated returns are i.i.d. with the steady-state distribution. By making simulated returns i.i.d. in this way, we are assuming that the investor making unconditional choices is using the correct distribution. This approach allows us to obtain an understanding of how optimal rebalancing behavior is altered by return predictability. A di erent question, not answered in this paper, is the e ect of using a policy rule optimized for i.i.d. returns when returns are in fact predictable. This question is addressed in Balduzzi and Lynch (1999) using utility cost as the metric to evaluate the e ect of ignoring predictability.
II. Return Calibration
We use the monthly rate of return on the value-weighted NYSE index as a proxy for the risky return R, the one-month Treasury-bill rate as a p r o xy for the risk-free rate R f , and the 12-month dividend yield on the value-weighted NYSE index as a proxy for the predictive v ariable D. Both the stock return and interest rate series are de ated using monthly CPI in ation. We calibrate real returns since they are more likely to be stationary, i n vestors generally care more about real returns, and there is no money in our model. The stock return, interest rate, and dividend yield series are from CRSP the CPI series is from CITIBASE. The data period used is from 1927:1 to 1996:11. The continuously compounded riskfree rate is estimated to be the mean of the continuously compounded one-month Treasury-bill rate over this period, which gives a v alue for R f of 0.04454 percent. (9)-(10) assumes that d t is the only state variable needed to forecast r t+1 which is in line with other papers on optimal portfolio selection (e.g., Barberis (1999) and Campbell and Viceira (1996) ).
A. Approximating the Data assuming Constant Variance
The data VAR is estimated using ordinary least squares (OLS) and discretized using a variation of Tauchen and Hussey's (1991) Gaussian quadrature method the variation is designed to ensure that d is the only state variable (see Balduzzi and Lynch (1999) for details). We choose 19 quadrature points for the dividend yield and 3 points for the stockreturn innovations since Balduzzi and Lynch (1999) nd that the resulting approximation is able to capture important dimensions of the predictability i n t h e data. 6 An interesting question is how portfolio choice varies with the nature of the return predictability. We assess this by holding the return parameters r , r , and ev constant and varying b r d and b d . The rst parameter, b r d , is the single-period variation in r that is predictable. The second parameter, b d , measures the persistence of the expected return process, since expected return is a linear function of d. We implement t h e Tauchen-Hussey approximation in such a w ay that the 19 values taken by d remain the same across di erent parameterizations of the return predictability. Doing so ensures that portfolio choice for a given state can be meaningfully compared across return-generating processes. Table I presents VAR parameter values for both the data and the various quadrature approximations used. The unconditional mean return is successfully held constant across the return-generating processes and so is not reported. Six discretizations are considered and are labeled S0 through S5. Discretization S0 (2nd row) successfully replicates the predictability in the data (1st row), except that the predictable single-period variation in r (b r d ) i s u n d e rstated. Thus, our results for S0 are likely to understate the impact of observed predictability on portfolio choice. The rst four rows after the \Data" row s h o w t wo pairs of comparisons: S0 vs. S1 and S2 vs. 
B. Approximating the Data assuming Heteroskedasticity
Equilibrium models like Merton's (1980) dynamic CAPM imply a positive relation between expected return and conditional volatility. 7 Such a relation is likely to have a large e ect on portfolio rebalancing rules. We assess this e ect by modifying the return generating process to allow conditional return volatility to bea linear function of d. In particular, r d ] 0 still satis es equations (9)- (10) Return distributions are discretized for three values of 1 , holding the unconditional volatility of e, e , constant. The rst value is obtained from the data using the residuals from the OLS regression of r t+1 on d t . The absolute value of these residuals is regressed on d t and the slope coe cient is taken as 1 . The rst row of Table I reports the data's
III. Results
Optimal portfolio choice with xed and proportional transaction costs involves a no-trade region for the risky-asset weight , a n d l o wer and upper return points depending on whether the upper or lower boundary is hit (Balduzzi and Lynch (1999) ). Both return points lie inside the no-trade region. When the investor uses the conditional return distribution (C) rather than the unconditional (U), the position of the no-trade region varies across states (see Balduzzi and Lynch (1999) ).
Given this structure for the rebalancing decision, portfolio choice in a given state can be characterized by the midpoint and width of the no-trade region together with the average distance between the return points and boundaries (return distance). These three parameters can beaveraged across states at a given time t using the steady-state distribution to give the time-t no-trade midpoint, the time-t no-trade width, and the time-t return distance, respectively. 8 For each t, three additional parameters are obtained from the simulations described in Section I: rebalancing frequency, average cost incurred, and average holding of the risky asset. 9 Thus, there are six parameters all indexed by t that characterize portfolio choice by the investor. We also want to measure when the no-trade region rst widens by a signi cant amount relative to its t = 1 width. The seventh parameter is such a measure and is the rst time t that the width of the no-trade region is at least 0.05 larger than at time 1. Each table and gure reports or plots some subset of these seven parameters.
A. Standard Investor facing Returns calibrated to U.S. Data. Figure 1 reports results for the \standard" investor facing the S0 returngenerating process which is calibrated to the value-weighted index of NYSE stocks. The standard investor has = 4, intermediate consumption, and a death probability at each t calibrated to mortality rates for U.S. males with t = 1 corresponding to 65 years and 1 month old. The mortality rates that we use are taken from the 1994 Group Annuity Mortal-ity T able developed by the Society of Actuaries Group Annuity V aluation Task Force (1995) (GAM-94). Since these rates only assign a death probability of 1 when the male reaches 119 years of age, we take T to be648. For comparison, Table IIalso reports results for a \20-year" investor who lives for 240 months and only dies at T , but who otherwise resembles the standard investor. Our standard investor is already 65 years old at t = 1 because the investor does not receive labor income and this is only realistic for an individual who has reached retirement a g e .
The investors are assumed to face both a xed and a proportional cost. The xed cost parameter, F , i s t a k en to be 0.01 percent, which translates into paying a fee of $10 whenever a $100,000 portfolio is reshu ed. Viewed as the opportunity cost for an individual to process information and instruct a broker to change portfolio composition, this value for F seems small. The proportional cost parameter, P , is set to 0.25 percent which implies a round-trip transaction cost of 0.5 percent. Both Fidelity's Spartan Total Market Index Fund and the Schwab Total Market Index Fund attempt to track v alue-weighted portfolios of U.S. equities, and as of the 5th of May 1999, charge a redemption fee of 0.5 percent on fund shares sold within three and six months respectively of purchase. Thus, while our proportional cost structure does not capture the speci c features of these redemption fees, our value for P of 0.25 percent can be viewed as indicative of the proportional rebalancing cost faced by an individual using an index fund to hold U.S equities.
A.1. Portfolio Choice over the Lifecycle
The rst question that we address is portfoliochoice over the lifecycle. Table II shows that bothaverage rebalancing frequency and average cost incurred are lower when certain death is imminent than early in the investor's life. The top left and bottom graphs in Figure 1 shows that these decreases are particularly pronounced just prior to the terminal date.
Consistent with this result, we nd that the no-trade width is always much larger just prior to the terminal date (T=648) than earlier in life. The top right graph of Figure 1 and Table IIshow that the average no-trade width for the standard investor using C goes from 0.258 early in life to more than 0.60 by time t = 647. The intuition for the widening of the no-trade region near the end of an investor's life is as follows. Early in the investor's life, a decision to rebalance may eliminate the need to rebalance for several periods in the future. In this sense, the transaction cost of rebalancing is being spread over the next several periods. However, near the end of the investor's life, this potential bene t from rebalancing is limited by the small numberof remaining periods in the investor's life. Consistent with this intuition, the top right graph of Figure 1 shows that the widening does not occur until certain death is imminent. This intuition also suggests that the no-trade region widens earlier when the investor's rebalancing frequency is lower. The reason is that a lower rebalancing frequency indicates that the bene ts from rebalancing now must be enjoyed over a longer period of time to make rebalancing now attractive.
Another question is whether rebalancing rules and behavior change much as the standard investor goes from being65 to 85 years old. Table IIand Figure 1 show that the portfolio choice parameters are largely unchanged over these early retirement years, despite the use of realistic death probabilities. Thus, the rebalancing behavior of older investors in the U.S. does not involve a rapid widening of the no-trade region unless certain death is imminent.
A.2. Impact of Return Predictability on Rebalancing
Previous work has shown that predictability calibrated to U.S. data causes a multiperiod investor to hold more of the risky asset early in life (see, for example, Brennan, Schwartz, and Lagnado (1997) , Barberis (1999) , and Campbell and Viceira (1996) ). Consistent with this work, we nd in Table II and Figure 2 that early in life with zero transaction costs, the standard investor chooses a risky-asset holding of 0.562 using U and an average riskyasset holding of 0.694 using C. Table IIand Figure 1 show that this result is robust to the introduction of realistic transaction costs. In fact, for both C and U, the midpoint of the no-trade region is roughly equal to the optimal risky-asset holding without transaction costs for all t, while the average holding is marginally higher, but by the same amount for both. Table II shows that rebalancing frequency over all three two-year periods is higher when the standard investor faces C rather than U. For example, rebalancing frequency early in life increases from 2.80 percent (or once every 35 months) with i.i.d. returns to 10.33 percent (or once every nine months) when returns are predictable. Figure 1 shows that the rebalancing frequency is higher throughout the standard investor's life when facing C rather than U. An even stronger result is the e ect of return predictability on the actual cost incurred by the investor. Table IIand Figure 1 show that the cost incurred permonth is an order of magnitude higher when the investor faces C rather than U, irrespective of whether the investor is young or old. For example, early in life the standard investor spends 0.075 basis points of portfolio value per month when facing U, but spends 0.571 basis points when facing C. The increased rebalancing and spending is not surprising since return predictability increases the bene ts from trading.
At the same time, the no-trade width early in life is much wider when the investor uses the conditional rather than the unconditional distribution. Table II shows that the no-trade width early in life for the standard investor increases from 0.16 to 0.258 if returns are predictable. Near the end of the investor's life, the di erence narrows, as can be seen in Figure 1 . Earlier work on transaction costs without predictability nds that no-trade regions increase when return volatility decreases (see Constantinides (1986) , and Gennotte and Jung (1994) ). The reason is that the cost of a sub-optimal choice is increasing in the return volatility. Going from the U to C distribution, the conditional volatility o f return decreases because the unconditional volatility i s beingheld xed. Thus, this same reasoning explains why no-trade regions widen when returns are predictable.
When the investor is using C, the no-trade region varies considerably across states (unreported). This occurs because the conditional Sharpe ratio varies across states. This variability in the no-trade region explains why rebalancing frequency is higher for C than U, despite the wider no-trade region.
A.3. Comparing the Standard and Twenty-year Investors
Comparing the standard and 20-year investors early in life (t = 9 6 to t = 119), we see that all six portfolio-choice parameters indexed by t are virtually identical. These parameters are also similar across the two investors when bothare near the time of certain death: t = 624 to t = 647 for the standard investor and t = 216 to t = 239 for the 20-year investor. So while positive death probabilities are analogous to lower rates of time preference, the death probabilities faced by U.S. males from age 65 onward are not large enough to materially alter rebalancing rules. As a result, since computation time perinvestor problem is much lower when T=240 than when T=648, we use the 20-year investor as our canonical investor for the remainder of the paper. Table III reports all seven portfolio choice parameters for the 20-year investor facing the S0 return-generating process. The proportional cost parameter ( P ) is allowed to take four values, 0, 0.25 percent, 0.5 percent, and 2.5 percent, while the xed cost parameter ( F ) is either 0, 0.01 percent or 0.1 percent. All possible pairwise combinations of P and F are considered.
B. Varying the Transaction Costs B.1. Varying the Rebalancing Costs
Table IIIhighlights how most of the reported parameters vary systematically with the proportional cost ( P ) and the xed cost ( F ). Rebalancing frequency is decreasing in both. This result is robust to the age of the investor and the presence of predictability, and is consistent with the intuition that a larger cost pertrade ( P or F bigger) leads to fewer trades. The presence of a small xed cost has a particularly large impact. In contrast, the cost pertrade has an ambiguous impact on the average trading cost incurred perperiod.
Rebalancing frequency is reduced by a wider no-trade region. Consequently, no-trade width is increasing in both P and F . This result is robust to the age of the investor and the predictability of returns. On the other hand, return distance is increasing in the xed cost parameter ( F ), but is insensitive to changes in P . Since the xed cost must be non-zero for the return distance to be positive, this nding is not surprising. 10 Table III shows that, for a given distribution (U or C) and time of life, the no-trade midpoint is una ected by v ariation in P or F . Note that the cost to consume out of either asset is zero across all these speci cations. On the other hand, the extent to which the average risky-asset holding exceeds the midpoint is monotonically increasing in both P and in F . The likely reason is that rebalancing occurs less frequently when transaction costs are high. Since the expected risky asset return exceeds the riskless rate, less rebalancing is likely to result in larger holdings of the risky asset, holding the no-trade midpoint constant.
Finally, t h e time of widening of the no-trade region is monotonically decreasing in both P and in F . This nding is consistent with earlier intuition (in Section III.A.1) since a larger xed or proportional cost implies less frequent rebalancing.
B.2. Adding a Cost to Liquidate the Risky Asset
We reported above that the no-trade midpoint is una ected by the magnitude of either the xed or the proportional cost parameter. However, this result is likely to besensitive to the assumption of costless liquidation of both assets. To explore the impact of relaxing this assumption, Table IV and Figure 2 report choice parameters for the twenty-year investor facing either zero liquidation costs (f L t 0), or a risky-asset liquidation cost ( L ) o f P =(1; P ). The proportional cost parameter ( P ) is taken to be0.5 percent and there is no xed cost.
Table IV and Figure 2 show that a risky-asset liquidation cost induces very di erent rebalancing behavior just prior to the terminal date when consumption as a fraction of portfolio value is high. The clearest illustration is contained in the bottom two graphs of Figure 2 which show the boundaries of the no-trade region facing either the U (left graph) or C (right graph) distribution of S0. Also plotted in each graph is the risky asset holding chosen by the investor facing zero transaction and liquidation costs. With zero liquidation costs, the upper no-trade boundary moves up and the bottom boundary moves down as the region widens late in life. On the other hand, the upper boundary when L > 0 drops late in life while the bottom boundary drops lower than that when f L t 0. In fact, when L > 0, the upper boundary converges to the no-cost rebalancing point a s t approaches 239. It makes sense that the two boundaries drop as the terminal date approaches since consumption is becoming a larger and larger fraction of portfolio value. As you move a way from the terminal date, both boundaries increase as consumption expressed as a fraction of portfolio value gets smaller. When t = 1 , consumption is such a small fraction of wealth that the presence of a risky-asset liquidation cost only lowers the no-trade region marginally: Table IV reports that the average midpoint i s l o wer by only 0.025 using U and by only 0.015 using C. Interestingly, Table IV and the left middle graph of Figure 2 show that the average risky-asset holding at t = 1 (after the investor liquidates and rebalances) is una ected by the liquidation cost.
C. Varying the Return-generating Process.
To better understand how predictability alters no-trade regions, we take the 20-year investor facing a proportional cost ( P ) of 0.5 percent, and in Figures 3 and 4 plot t = 1 no-trade widths as a function of the dividend state for a variety of return processes. The investor's no-trade width for each associated unconditional distribution (U) is also graphed as a at line.
C.1. Varying the Magnitude of the Single-period Return Predictability
The parameter b r d controls the magnitude of the single-period predictability. The top left and top right graphs in Figure 3 plot the no-trade width for the S0-S1 and S2-S3 comparisons respectively, which vary b r d while holding the other return parameters xed. The main result is the increase in no-trade width that accompanies an increase in single-period predictability, irrespective of whether b d and ev have data values (as in S0 vs. S1) or have values of zero (as in S2 vs. S3). In particular, the no-trade width for S1 with b r d = 0:13 percent drops below the unconditional width in some states. As discussed above in Section III.A.1, lower return volatility leads to wider no-trade regions since the cost of a sub-optimal is lower. This explains why no-trade regions are wider when b r d increases since this increase in b r d causes conditional single-period volatility to decrease, holding unconditional volatility xed.
C.2. Varying the Persistence of the Predictive Variable
The parameter b d controls the persistence of the predictive variable, dividend yield. The middle graph of Figure 3 reports results for the S4-S5-S3 comparison which xes b r d and ev and varies b d . Looking across the return processes (S4-S5-S3), the average no-trade width (unreported) does not exhibit any clear pattern. However, the graph reveals that no-trade width is a very di erent function of the dividend state depending on the magnitude of b d . In particular, as b d decreases, going from S4 to S5 to S3, we see that the no-trade width goes from being at to u-shaped as a function of the dividend state. In other words, as the predictive variable becomes less persistent, the investor is less inclined to rebalance when confronted with an extreme value for the dividend yield, and so the no-trade region widens for extreme d states. This disinclination to rebalance is understandable since a less persistent predictive variable implies that expected return is also less persistent. Consequently, the bene ts of rebalancing in an extreme state are less likely to outweigh the cost since expected return reverts more quickly to its unconditional value.
C.3. Allowing the Risky-asset Return to Exhibit Heteroskedasticity Figure 4 reports results for return-generating processes that allow returns to exhibit heteroskedasticity: the slope for conditional volatility a s a linear function of conditional mean, 1 , is positive and increasing going from H2 to H1 to H0. 11 As discussed above in Section III.A.1, the cost of a sub-optimal is increasing in the conditional return volatility. This reasoning implies that no-trade width is decreasing in conditional return volatility across states. Thus, we expect the slope of the no-trade width as a function of the state to become less positive g o i n g f r o m S 0 t o H 2 t o H 1 t o H 0 s i n c e 1 is increasing going across those states. The left graph of Figure 4 con rms this result.
Since ours is the rst paper to consider the e ect of return heteroskedasticity on portfolio choice in a multiperiod setting, we also report the no-trade midpoint by state in the right graph of Figure 4 . As 1 increases, the slope of the conditional Sharpe ratio as a function of the state becomes less positive or more negative. This implies that the slope of the no-trade midpoint as a function of the state decreases going from S0 to H2 to H1 to H0. Again, the right graph of Figure 4 con rms this result except perhaps for extreme dividend states. In fact, conditional volatility in H0 increases so rapidly as a function of the conditional mean that the no-trade midpoint is a negative function at all but the extreme states. Thus, return heteroskedasticity can potentially have a big impact on rebalancing behavior. At the same time, it worth noting that the average cost incurred (unreported) is largely una ected as 1 increases going from S0 to H2 to H1 to H0.
IV. Concluding Remarks
Transaction costs and return predictability are realistic features of the environment facing a U.S. investor or mutual fund. How t h e y jointly a ect portfolio choices by entities with long horizons is not well understood. This paper considers the impact of transaction costs on the portfolio decisions of a long-lived agent with isoelastic preferences. A particular focus is how portfolio choice and rebalancing behavior are a ected by return predictability. A n umberof extensions are feasible and of interest. The current paper has only two assets and two t ypes of transaction costs. Extending the framework to consider portfolio choice with multiple assets and a variety of cost structures would be interesting. The techniques in this paper could also beused to consider portfolio choices by fund managers given the compensation functions that they face. Finally, the framework could beextended to assess the value of a piece of information, and how to rebalance a portfolio given that information, in a setting with transaction costs. Constantinides (1986) and Davis and Norman (1990) for proportional costs, and Schroder (1995) and Morton and Pliska (1993) for xed costs. A number of other papers consider the e ects of transaction costs on portfolio choice and market equilibrium: see, for example, Du e and Sun (1990), Lucas (1996), Vayanos (1996) , Gennotte and Jung (1994 ), Luttmer (1996a , 1996b , and He and Modest (1995) .
expected, averaging over all states reduces no-trade width and by more late in life. For the standard investor, the reduction is only 4 percent late in life and less than 2 percent early in life. On the other hand, since bounds of 0 or 1 still de ne ranges over which moves, the averaging for the no-trade midpoint i s performed across all states irrespective of whether a short-sale restriction is binding.
9 Risky-asset holding is determined after any rebalancing has occurred. 10 Note that when the proportional cost is zero, the average return distance always equals half the no-trade width which is consistent with Schroder (1995)'s nding of a single return point. 11 Recall that conditional mean return in each state is held constant across return generating processes by construction. 
Table II Portfolio Choice Parameters for the Standard Investor
The value-weighted index of NYSE stocks is discretized using the quadrature approximation to give the return process S0 in Table I . The riskfree rate is assumed constant. The proportional cost parameter (φ P ) set equal to 0.25 percent and the fixed cost parameter (φ F ) is set equal to 0.01 percent. For the standard investor (CRRA utility, β = 1/R f , γ = 4, intermediate consumption) , t=1 is taken to be age 65 and 1 month when using CAM-94 to obtain death probabilities. The 20-year investor lives for T=240 months and dies at T but is otherwise identical to the standard investor. The width and midpoint of the no-trade region, and the average return distance at a point in time t are obtained by averaging across states using the steady state distribution. Rebalancing frequency, average cost incurred per month and average holding of the risky asset are obtained by simulation of the investor's portfolio choices. Parameters for both unconditional (U) and conditional (C) portfolio choices are reported. The portfolio choice parameters are averaged over three twoyear periods in the investor's life: t=96 to t=119; t=216 to t=239; and, t=624 to t=647. 
Table III Portfolio Choice Parameters as Transaction Costs Vary
The value-weighted index of NYSE stocks is discretized using the quadrature approximation to give the return process S0 in Table I . The riskfree rate is assumed constant. The 20-year investor (CRRA utility, β = 1/R f , γ = 4, intermediate consumption, T=240, no early death) faces a variety of fixed (φ F ) and proportional (φ P ) cost combinations. The width of the no-trade region, the midpoint of the no-trade region, and the average return distance at a point in time t are obtained by averaging across states using the steady state distribution. Rebalancing frequency, average cost incurred per month and average holding of the risky asset are obtained by simulation of the investor's portfolio choices. Parameters for both unconditional (U) and conditional (C) portfolio choices are reported. The portfolio choice parameters are averaged over two two-year periods in the investor's life: t=96 to t=119; and t=216 to t=239. The table also reports the first time that the width of the no-trade region changes by more than 0.05 relative to time t=1. The value-weighted index of NYSE stocks is discretized using the quadrature approximation to give the return process S0 in Table I . The riskfree rate is assumed constant. The proportional cost parameter (φ P ) is set equal to 0.5 percent and the fixed cost parameter (φ F ) set equal to 0. The liquidation cost for the risky asset (φ L ) is either 0 or φ P /(1-φ P ). The 20-year investor (CRRA utility, β = 1/R f , γ = 4, intermediate consumption, T=240, no early death) either consumes each month or only at the terminal date. The width and midpoint of the no-trade region at a point in time t are obtained by averaging across states using the steady state distribution. Rebalancing frequency, average cost incurred per month and average holding of the risky asset are obtained by simulation of the investor's portfolio choices. Parameters for both unconditional (U) and conditional (C) portfolio choices are reported. The portfolio choice parameters are averaged over two 2-year periods in the investor's life: t=96 to t=119; and t=216 to t=239.
Portfolio Choice Parameters t=96 to t=119 t = 2 16 to t=239
Liquidation Cost φ L 0 φ P /(1-φ P ) 0 φ P /(1-φ P ) 
